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1. INTRODUCTION

Let B, be the beta operator defined by

x—1 _ (l—x)—1
Bt(f,x):=J1f(6))H (-0 do, >0, xe(0,1),

0 B(tx, (1 —x))

where B(-,-) is the beta function and f is any real measurable function
defined on (0, 1) such that B,(|f], x) < oo . If fis defined on [0, 1], we set

B,(f.0):=/i), i=0,1 (1)

This operator has been considered by several authors (see, for instance,
[1,8,12,15]). A slight modification of B, is the operator B} given by

J 1 0(1 — )=

B*
(, %) Blix+1,((1—x)+ 1)

do, t=0, xe[0,1],

which, for natural values of the parameter ¢, has been introduced by Lupas
in [ 14]. A significant difference between B, and B}* is that B, reproduces
linear functions, whereas B} does not. The operator B, is also quite dif-
ferent from the (double indexed) beta operator studied by Upreti [ 18].

It is well known that

B,(f.,x)= f(x),  x€(0,1),

as t— oo, whenever f is a real continuous bounded function defined on
(0, 1) (cf. [8,12,15]). In this paper, attention is focussed on some proper-
ties of the “approximation path”, i.e., on some properties of the function

where f and x are fixed.

Firstly, we show that if f is convex then p(-) is nonincreasing. More
precisely, we show the following theorem which gives a positive answer to
a question posed by M. K. Khan in [12].

THEOREM 1. Let xe(0,1) and 0<r<t. If fis a convex function defined
on (0, 1) such that B(|f|, x) < oo, for s=r, t, then

B,(f.x)=B,(f. x).
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As far as positive linear operators are concerned, there are two standard
ways of showing the property of monotonic convergence under convexity:
the purely analytical approach based on computations which depend
heavily on the particular form of the operator considered, and the
probabilistic approach introduced by R. A. Khan [ 13] based on the condi-
tional version of Jensen’s inequality (see also [2,4]). In the case at hand,
neither of these two standard methods seem to provide a simple proof of
Theorem 1 (see section 3 for a more detailed discussion).

In sections 2 and 4, we give two different proofs of Theorem 1. Both
proofs use probabilistic methods as fundamental tools. However, each of
them emphasizes a particular feature of B, which, on the other hand, may
be of interest in order to understand the structure and the behaviour of this
operator with respect to other properties.

Secondly, we consider absolutely and completely monotone functions
defined on [0, 1]. For these special cases of convex functions we obtain the
following result.

THEOREM 2. If fe C[0, 1] is an absolutely or completely monotone func-
tion, then, for any x € (0, 1), the approximation path

p(t):=B,(f.x), 120,

is a completely monotone function on [0, o).

The proof given in section 5 is based upon the representation of an
absolutely monotone function defined on [0, 1] as the probability generat-
ing function of some nonnegative, integer-valued random variable.

Finally, Theorems 1 and 2 have interesting consequences, some of them
concerning other well-known Bernstein-type operators. They are discussed
in section 6.

2. FIRST PROOF OF THEOREM 1

To begin with, we give a suitable probabilistic representation for B, in
terms of gamma processes. We recall that a gamma process is a stochastic
process {U,:t>0} starting at the origin, having stationary independent
increments and such that, for each #>0, U, has the gamma distribution
with density

01—16—()

dt(g) : F(t) a

0>0.
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Let {U,:t>0} and {V,:t>0} be two independent gamma processes
defined on the same probability space. Then, for every >0 and xe (0, 1),
the random variable

U
Zyim (2)
Utx + Vr(l —X)

has the beta distribution with parameters tx, #(1 —x) and, therefore, we
can write

B,(f., x) = Ef(Z7), (3)

where E denotes mathematical expectation. Observe that (3) is consistent
with (1).
Under the assumptions in Theorem 1, we claim that

E(U+ Vi) (ZD)1 ) >

(fo+ Vt(lfx))f‘(z}x) a.s., (4)

where E(-|-) denotes conditional expectation and J# is the o-algebra
generated by U,, and V,; _,. In order to see this, note that U, + V,(; _
and f(Z7) are independent (cf. [10]) and therefore

E |(Urx+ Vr(lfx))f(Zf)| =E(Urx+ Vr(lfx))E |f(Z;Y)| < 0,

so that the left-hand-side in (4) is well defined. Since f is convex, we can
find sequences of real numbers (a,),-, and (b,),~; such that

f(z)zsup]) [a,z+D,], ze(0,1), (5)

(cf. [5, Th. 7.3.4]). Then
E(( Urx + Vr(l 7x)) f(Zf) | ‘%t) 2 Sgl? [anE( Urx | ?ft)
+bnE(Urx+ Vr(lfx)|%)] a.s. (6)

Since {U,:t>0} and {V,: >0} are mutually independent, and the ran-
dom variables U,,/U,, and U,.=U, .+ (U, — U,,) are also independent
(cf. [10]), we have
Utx>
U

rx r
U[x> =7 U,, a.s. (7)

Urx
E( Urx | %) = E( Urx | Utx) = Uth < U

x
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Similarly,
r
E(Vr(lfx)|%):;Vl(lfx) a.s. (8)

and the claim follows from (5)—(8). To complete the proof of Theorem 1,
it suffices to take mathematical expectations in (4), recalling that, for
s=r, t, the random variables U,, + V, _,, and f(Z7) are independent.

3. DISCUSSION

The standard probabilistic technique mentioned in the introduction can
be described as follows:

Assume that the family of operators (L,),., allows for a representation
having the form

L,(f,x)=Ef(Z7), xel, t>0, 9)

where [ is an interval of the real line, {Z7:¢>0} is a stochastic process
taking values in 7, and f is any real function defined on [/ and satisfying
appropriate integrability conditions. Assume, further, that the stochastic
process satisfies the martingale-type condition

EZ¥\Z¥)=Z% as, 0O<r<t (10)

Then, if fis a convex function, we have by (10) and the conditional version
of Jensen’s inequality (cf. [6])

Ef(Z7)=EE(Z})|Z7)) 2 E(f(E(Z] | Z7))) = Ef(Z7),
that is, by (9),
L.(f,x)=L/(f,x). (11)

In other words, to show (11) it suffices to find a stochastic process such
that both (9) and (10) hold true.

However, the preceding argument does not apply to the process
{Z7:1t>0} defined in (2), because (10) is not satisfied. Actually, it is not
hard to see that, for 0 <r <z,

r t—r
E(Z;(|Zf)=;Zf+TX a.s.,
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which implies

Bz 7= Rz Rz 2 =T S g

If (10) were true, we would obtain
tx+1

E(Z}Z)=B(Z; BZ Z)) = BZ) =7 x,

which contradicts (12).
On the other hand, we can also write

Bfox) =5 (

2}, (13)
where {U,:1>0} is a gamma process. This probabilistic representation is
quite different from (3) and was introduced in [ 1] to study preservation of
monotonicity, convexity and Lipschitz constants. Since, for 0 <x <1 and

0 <r<tx, the random variables U, /U, and U,, /U, are independent (cf.
[10]), we have

p(%
U,

Thus, neither does this representation satisfy (10).
We therefore conclude that the crucial point in the first proof of
Theorem 1 is the submartingale-type property (4). With regard to B,, this

property plays the same role as property (10) does with regard to other
usual approximation operators.

t

U
’x>:x a.s. 0<x<l, 0<r<tx.
U,

4. SECOND PROOF OF THEOREM 1

The main point in this proof consists in relating B, with the operator H,
defined below, which allows for a probabilistic representation fulfilling con-
dition (10).

Consider the beta-type operator H, given by

1
) T B(x/1+x, (1)1 +x)+ 1)

u(tx/l +x)—1

XJO g(u)mdu, Z,X>O,

H,/(g x
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where g is any real measurable function on (0, 00) such that
H,(|g|, x) <oo. We also define the following positive linear operators

S(g, x):=(1—x) g(x/1 —x), xe(0,1),
T(f, x) :=(1+x) f(x/1 +x), xe (0, o0),

where g (resp. f) is any real function defined on (0, o0) (resp. (0, 1)).
Elementary calculations show that

B/(f,x)=S-H,~T(f, x), (14)

3

where ‘o’ denotes composition, whenever one of the two sides is well
defined. It is easy to check that the operator T preserves convexity. There-
fore, Theorem 1 is a consequence of the following Lemma.

LEMMA 1. Let x>0 and O<r<t. If g is a convex function defined on
(0, o0) such that H,(|g|, x) < o0, for s=r, t, then

H,.(g,x)>=H,(g, x).

Proof of Lemma 1. We have the following probabilistic representation
for H,:

U
H , =E 1x/1 +x >’
t(g X) g<V(t/1+x)+l

where {U,:s>0} and {V,:s5>0} are two independent gamma processes
defined on the same probability space. Using the same procedure as in the
proof of Lemma 2 (a) in [3], we obtain for t>r>0

E < Urx/l + x
V(r/l +x)+1

Uy

_ x/1 +x

Uit +x V(l/l+x)+l>_V a.s.,
(7/1 +x)+1

and the conclusion follows by the standard argument mentioned at the
beginning of the preceding section.

Remark 1. Observe that
T-S=1I,, SoT=TI%,

where I, and I* are the identity operators in the corresponding function
spaces. We also have

Ht(gs X)= T-B, oS(g’ x),
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which is the converse relation of (14). Since the operator S preserves con-
vexity, the statements in Theorem 1 and Lemma 1 are, in fact, equivalent.

5. PROOF OF THEOREM 2

We shall start by extending in a natural way the definition of B,(f, x)
to the whole strip {(x,7):0<x<1, r>0}, whenever fe C[0,1]. Let
xel[0,1], k=1,2,.., and let Z7 be the random variable defined in (2).
Since

kflt .
Bz =]
o t+J

X, (1—0),

the method of moments guarantees that Z7 converges weakly, as ¢t — 0,
to the Bernoulli distribution with parameter x (cf. [6]). Therefore, if
fe ([0, 1], we have by (3) and the Helly-Bray theorem

B,(f.x) = (1=x) f(0)+x/(1),  (1=0).

In other words, we may define by continuity

By(f, x) :=(1—x) f(0)+ xf(1), xe[0,1]. (15)

This was implicitely assumed in the statement of Theorem 2.

Suppose, firstly, that f'e C[0, 1] is absolutely monotone. Without loss of
generality, we can assume that f(1)=1. Consequently (cf. [9]), f is the
probability generating function of a nonnegative, integer-valued random
variable N, i.e.,

fO)=E0Y,  0<0<L.

If P(N>1)=0, the conclusion is trivial. Assume, then, that P(N >1)>0.
We have, for xe(0, 1),

p(t)= i P(N=n) E(Z*)"=P(N=0)+xP(N=1)+xP(N>1) ¢(1),

n=0
where
& P(N=n+l) /"
(1) El PNST) klzllaﬁk(t), 1=0,
(16)
b =K o ko
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We claim that ¢ is the Laplace transform of a nonnegative random variable
Y, ie.,

As a consequence (cf. [9]), ¢, and therefore p, are both completely
monotone functions. To show the claim, let M, X, X,, ... be mutually inde-
pendent random variables such that M has the distribution given by

P(N=n+1)
PM=n)=—— =1,2,..
( n) P(N>1) b n b b 2

and each X, has the distribution
xXvo+ (1 —x) vy,

where v, is the unit mass at 0 and v, is the exponential distribution with
parameter k. Define

M
Yi=) X,.

n

—

In view of (16), we have for >0,

Ee Y=Y P(M=n) || Ee ™=}
k=1

n=1

and the claim is shown.
Finally, if fe C[0, 1] is completely monotone, the conclusion follows
from the equality

B,(f.x)=B,(f(1-0),1—x), t=0, xe[0,1]

and the fact that f(1 — ) is absolutely monotone on [0, 1].

6. CONSEQUENCES AND APPLICATIONS

(A) Lupas Beta Operators

If xe[0, 1] and f'is a real measurable function defined on (0, 1), we can
write

tx+1

B =B (£ 555

>, t=0, (17)
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whenever one of the two sides in (17) is well defined. In particular, for
x=1, we have

Bt*(f’ %):Br+2(fa %)7 t=0

and, therefore, under obvious assumptions, the property of monotonic con-
vergence holds in this case. For x#1, the property may fail (take, for
instance, f(0)=0 or f(0)=1—0). Notwithstanding, in view of (17) and
taking into account that B, preserves monotonicity (cf. [1]), we deduce
from Theorem 1:

COROLLARY 1. Let f be a convex function defined on (0, 1) such that
BX(|f|, x) < oo and B¥(|f], x) < oo, for t>r>0. Then

BX¥(f, x)= B!/, x),

if one of the two following conditions is fulfilled.

(a) fis nondecreasing and x €[0, 1].

(b) fis nonincreasing and x e[ %, 1].

(B) Inverse Beta Operators

Let us define

Ioe) 1 gtx—l
T = 0 do 0 0
WA =] 0 g e 120, x>0,

where f is any real measurable function defined on (0, c0) such that
T,(1f], x)<oo. If f is defined on [0, o0), we set T,(f,0):=f(0). This
operator has been introduced and studied in [3] (see also [1]). It is clear
that

0 b
T.(f. X)sz(x+1)<f<l_9>,l+x>, t>0, x>0, (18)

provided that one of the two sides in (18) is well defined, and, therefore,
we have from Theorem 1:

COROLLARY 2. Let x>0, t>r>0 and let f be a real measurable func-
tion defined on (0, o0) such that T,(|f|, x) < oo, for s=r, t. If f(0/(1 —0)) is
convex on (0, 1), then

T.(f,x)=T,(f. x).
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Remark 2. Observe that f(6/(1 —6)) is convex on (0, 1) if either f(8) or
f(1/0) is convex and nondecreasing on (0, co). Thus, Corollary 2 extends
the results given in [ 3, Sect. 3]. On the other hand, let f(6) be a real con-
tinuous function defined on [0, c0), having a finite limit as 6 - co. From
(18) and Theorem 2, we deduce the following: If f(6/(1 —6)) is absolutely
or completely monotone on [0, 1], then, for any x > 0, the approximation
path

p(t):=T,(f x), =0,
is a completely monotone function on [0, o). In general, the complete
monotonicity of f does not imply the complete monotonicity of p. A coun-

terexample can be found in [3, Remark 1].

(C) Stancu Operators and Generalized Bleimann—Butzer—Hahn Operators

Stancu operators P are defined (cf. [8, 15-17]) by
Pi(f, x) :=B1(P,f, x), xe[0,17, >0, n=12,.. (19)

where f is any real function defined on [0,1] and P, is the Bernstein
operator, i.e.,

n

Pn(f,x):=if<1;><k>9k(1—9)"k, 0e[0,1], n=12,..
k=0

Since P, preserves convexity, it follows from (19) and Theorem 1 that P2 f
decreases to P,f, as o decreases to 0, whenever f'is a convex function on
[0,17.

Similarly, generalized Bleimann-Butzer—-Hahn operators L% (cf. [1,3])
are defined by

LA f, x):=T,(L,f, x), x=0, >0, n=1,2,.., (20)

where f'is any real function defined on [0, c0) and L,, is the operator intro-
duced by Bleimann, Butzer and Hahn in [7], i.e.,

L(f‘))'—if< « ><n> r 0>0, n=12
n\J>» ‘_k:o n—k+1 k (1_|_0)n’ =V, n=1, 2, ..,

For x>0 and n=1, 2, ..., we obtain from (20) and Corollary 2

L x)ZL3(f %), ay>a,>0, (21)
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whenever L,(f, 8/(1 —6)) is a convex function on (0, 1). Since

0 nz
Ln<f’1—0>=P"<f<n+l—nZ>,9>’ 06(0,1),

the inequality in (21) holds if either f(0) or f(1/8) is convex and non-
decreasing on (0, oo ). This extends some results concerning L% contained in
[3, Sect. 3].

(D) Other Applications

Some interesting applications may be obtained by applying Theorem 1
to particular functions. Take, for instance, f(x)=x?, (p>0). Then, for
p=1(resp. 0<p<1)and xe(0, 1), we can assert that the quantity

I(tx+p) I(1)
I(tx) I'(t+ p)

decreases (resp. increases) to x”, as ¢ increases to oo, and, in view of (15),
it increases (resp. decreases) to x, as ¢ decreases to 0.

Finally, some inequalities concerning convex polynomials and binomial
coefficients are given in the following

PROPOSITION 1. Let Q(x):=37%_,a,x*, (m=>2), be a convex polyno-
mial on [0, 1]. Then

m 71k71
(a) Z%( > 20, for all t>0.
k= it
m ik k—1
b =, 1.2,
(b) kgzak< ' ) . "

Proof. (a) We have
B(0,x)=xg(t,x), >0, xe[0,1],

where

m k—1

=2 acll

Jj=1

Ix+j
t+j

Theorem 1, together with an elementary continuity argument, implies that
the function

gol(1) :=g(1,0), >0,
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nonincreasing. The inequality in (a) merely says that
go(1)<0,  1>0.
milarly, (b) follows from the inequality

B”(Q,x)an_'_](Q,x)?O, xe[oal]’ I’l—l,2,
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